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In this paper we consider the congruences nσ(n) = 2(mod φ(n)) , φ(n)t(n) + 2 = 0 (mod n) .
1* Introduction* Apart from the classical Wilson's theorem (that a positive integer p > 1 is a prime if and only if (p -1)1 + 1 = 0 (mod p)) and its variants and corollaries, there is probably no other simple primality criterion in the literature in the form of a congruence. In this connection, we may recall Lehmer's congruence [1] :
This is satisfied by every prime. We do not yet know if it has any composite n as a solution. In 1932, Lehmer [1] showed that if there exists a composite number n satisfying (1.1), then n must be odd and square free and have at least seven distinct prime factors. This result was improved in 1944 by Fr. Schuh [4] who showed that such a n must have at least eleven prime factors. In 1970, E. Lieuwens [2] corrected an error in the proof of Schuh.
In the congruences we shall consider,
where φ(n) is Euler's totient, and t(n) and σ(n) are respectively the number and sum of the divisors of n. Each of these is satisfied whenever n is a prime. It is a simple matter to solve (1.2) completely (Theorem 1). However, the problem of solving (1.3) for all composite integers n seems to be a deep one, and we offer only a partial solution. An analogous argument shows that a -0, 1 or 2. Hence n = 2 a PiP2'" Pn where a = 0, 1 or 2. Next, when n is in this form, 2 r I σ(w) and 2 r | 0(π), so that we should have 2 r | 2, on using the congruence. Hence r = 0 or 1, and we get n = 2, 4, ^x, 2^, 4^ for the possible solutions of (1.2). However, n = 4p x is impossible, for otherwise 41 ^(^), and this would imply, on using the congruence, that 4|2.
In the next place, if n = 2p ί9 we have
This shows that (p, -1) 110, and this gives p 1 = 2, 3, and 11. Hence all the possible composite solutions of (1.2) are n = 4, 6, and 22, and these are indeed solutions of the congruence. (C) Let K be defined by the relation
Then K and n are of opposite parity and AJ(K.
Proof. For an odd prime p, if p 2 \ n, then p \ φ(n); hence on using (1.2), p 12, which is absurd. Again if 4 | n and n > 4, a simple argument shows that (1.3) is impossible. This establishes result (A). The proofs of (B), (C), and (D) are equally easy.
LEMMA. For a given r, the number of solutions n of (2. Proof. We illustrate the proof for the case when n is odd. Using the lemma, we have .2). We now use the estimate given by Rosser and Schoenfeld [3, Theorem 8, Corollary 1] for Qrj 5 , namely Qrl 5 < e r log x(l + log" 2 a?), where x = g r+5 ; and obtain the stated result. In the next theorem, q u denotes, as already noted, the %th prime in the sequence of primes q x = 2, g 2 = 3, THEOREM 5. Let K and m be given and let q u be the smallest prime factor of n which is a solution of the simultaneous equations
Then n has a prime factor at least as large as
where b is any number < 3/5.
Proof. By Theorem 2, n is square free. Let it have r distinct prime divisors.
Then A. Walfisz [5, Satz 4, p. 187] has shown that if π(x) denotes, as usual, the number of primes ^ x, and dt log* '
where A is a positive constant. It follows that
for all a < 3/5. By using a standard argument, we can show that This gives, with m = 2 r /iί, the result
Taking q u to be the smallest prime divisor of n, let the integer v be defined to be the smallest integer with the property m< Π .. -1 that is, v _ log (l -i-^ > log m .
Σ
Then it follows that n must have a prime factor other than q u and at least as large as q v . The previous investigation shows that.
q7 exp (-log α (<??))) , that is,
Hence, we have proved the theorem. 
